Abstract. We give a new characterization of flat affine manifolds in terms of an action of the Lie algebra of classical infinitesimal affine transformations on the bundle of linear frames. We prove that a left invariant flat affine symplectic connection on a connected symplectic Lie group is geodesically complete if and only if the group is unimodular. We show that a flat affine symplectic Lie group whit bi-invariant symplectic connection contains a nontrivial one parameter subgroup formed by central translations. We give two methods of constructing flat affine symplectic Lie groups, thus obtaining all those having bi-invariant symplectic connections. We get nontrivial examples of simply connected flat affine symplectic Lie groups in every even dimension.
Introduction
A connected and paracompact 2n-dimensional symplectic manifold (M, ω) is called a flat affine symplectic manifold if the bundle of symplectic frames Sp(n, R) ֒→ L (M) ω π −→ M induced by ω admits a linear connection Γ ω whose curvature and torsion 2-forms are identically null. To have a linear connection Γ ω on L (M) ω with the letter characteristics is equivalent to having a flat affine symplectic covariant derivative ∇ on (M, ω) , i.e. the curvature and torsion tensors of ∇ vanishing and ∇ω = 0. Moreover, the existence of a symplectic form ω and a flat affine symplectic covariant derivative ∇ on M is equivalent to have a maximal atlas for M whose change of coordinates are restrictions of affine symplectic transformation of R 2n (see [Fr] ). On one hand, the study of symplectic manifolds equipped with symplectic connections can be motivated by their role in deformation quantization and geometric quantization (see [FLD, Fe] and [Hs, L] , respectively). A famous result of Fedosov gives a canonical deformation quantization which is defined by the data (M, ω, ∇) where ω is a symplectic form and ∇ is a torsion free symplectic connection on M. Such result motivated the definition and study of Fedosov manifolds (see [GRS] ). On the other hand, some knowledge of the category of flat affine manifolds are necessary for understanding the category of Lagrangian submanifolds (see [W, Thm 7.8] and [V1, V2] ). In fact, flat affine manifolds with holonomy reduced to GL(m, Z) appear naturally in integrable systems and Mirror Symmetry (see [KS] ). Further applications of flat affine manifolds appear in the study of Hessian structures and Information geometry (see [Sh, c. 6] ).
The main purpose of this paper is to study symplectic manifolds endowed with flat affine symplectic structures. More precisely, we want to study the structure of connected symplectic Lie groups which admit left invariant flat affine symplectic connections. The study of such structures is motivated by the open problem proposed by J. Milnor in [Mi] which asks to determine flat affine Lie groups (i.e., Lie groups which carry a left invariant flat affine structure) and study their properties. The paper is divided as follows. In Section 2 we give a new characterization of flat affine manifolds (see Theorem 2.1) which can be naturally used to characterize flat affine symplectic connections on the bundle of symplectic frames (see Proposition 3.1). This characterization is given in terms of an action of the Lie algebra of classical infinitesimal affine transformations on the bundle of linear frames of such a manifold. We show that such an infinitesimal action can be integrated (in the Lie-Palais' Theorem sense) in the case of compact parallelizable flat Riemannian manifolds (see Proposition 2.1). In Section 3 we introduce flat affine symplectic Lie groups, which will be connected symplectic Lie groups endowed with left invariant flat affine symplectic connections. We show that these kind of connections are geodesically complete if and only if the Lie group is unimodular (see Theorem 3.2). Furthermore, we give a characterization of flat affine symplectic Lie groups in terms of "symplectic"étale affine representations (see Theorem 3.1). As consequence, every simply connected flat affine symplectic Lie group with bi-invariant symplectic connection can be identified with a Lie subgroup of affine symplectic transformations of its Lie algebra containing a nontrivial one parameter subgroup formed by central translations (see Proposition 3.2). Our results put into evidence some properties of flat affine symplectic Lie algebras (see Definition 3.3). Further, other properties appear in [MR2] , [An] , and [NB] . In section 4, we give a method of construction of simply connected flat affine symplectic Lie groups using Nijenhuis' cohomology for left symmetric algebras (see [N] ). The construction will be called a double extension of a flat affine symplectic Lie algebra. This is an iterative method which allows us to get flat affine symplectic Lie algebras of dimension 2n + 2 from a flat affine symplectic Lie algebra of dimension 2n (see Proposition 4.1 and Theorem 4.1). We show that every simply connected flat affine symplectic Lie group whose Lie algebra is obtained as double extension of a flat affine symplectic Lie algebra with λ = µ (see Definition 4.1) can be identified with a subgroup of symplectic affine transformations of its Lie algebra containing a nontrivial one parameter subgroup formed by central translations (see Corollary 4.1). Furthermore, the Lie algebra of a symplectic Lie group equipped with a bi-invariant flat affine symplectic connection is obtained as a double extension of flat affine symplectic Lie algebras starting from {0} (see Proposition 4.2). Moreover, we observe that the Lie algebra of any flat affine symplectic Lie group of dimension 2 can be obtained as a double extension starting from {0}. Flat affine symplectic Lie groups in dimension 2 were found by A. Andrada in [An] (see also [MSG] ). We also explain how to use this method to construct nontrivial simply connected flat affine symplectic Lie groups in every even dimension. In section 5, we get flat affine symplectic Lie groups of dimension 2n from a connected flat affine Lie group of dimension n. We consider the classical cotangent symplectic Lie group of a connected flat affine Lie group defined in [MR1] , and show that there always exists a left invariant flat affine symplectic connection which parallelizes its two natural left invariant transverse Lagrangian foliations (see Proposition 5.3). The corresponding Hess connection (compare [Hs] ) will be given explicitly. Again, using Nijenhuis' cohomology for left symmetric algebras, we construct the twisted cotangent symplectic Lie group of a connected flat affine Lie group together with left invariant flat affine symplectic connections (see Proposition 5.4). The reciprocal of the result obtained in Proposition 5.4 was proved by X. Ni and C. Bai in [NB] . We give a short and different approach to get it which allows us to show more consequences of our construction. It is important to note that this construction will be parametrized by a commutative product over the corresponding left symmetric algebra and a 2-cocycle of this left symmetric algebra with values in its dual vector space. We observe that when the commutative product and the 2-cocycle are both null we obtain the classical cotangent symplectic Lie group defined in [MR1] . Moreover, in this case the flat affine symplectic connection is the Hess connection (see Corollary 5.1). We prove that on a simply connected Lie group there exists the structure of flat affine symplectic Lie group which admits a normal Abelian Lagrangian Lie subgroup if and only if, the group is isomorphic to the twisted cotangent symplectic Lie group of a connected flat affine Lie group (see Theorem 5.2). Finally, we give necessary and sufficient conditions to say when the left invariant flat affine symplectic connections on the twisted cotangent symplectic Lie group are geodesically complete (see Proposition 5.5).
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New characterization of flat affine manifolds
In this short section we give a new characterization of flat affine manifolds in terms of an action of the Lie algebra of classical infinitesimal affine transformations on the bundle of linear frames. As an immediate consequence of such result we characterize flat Riemannian metrics, flat affine connection leaving parallel a volume form, and flat affine symplectic connections. We show that such an infinitesimal action can be integrated (in the Lie-Palais' Theorem sense) in the case of compact parallelizable flat Riemannian manifolds.
In what follows M denotes a connected and paracompact n-dimensional smooth manifold without boundary, P = L(M) its bundle of linear frames, θ the canonical 1-form, Γ a linear connection on P of connection 1-form A, and ∇ the covariant derivative on M associated to Γ. Consider the right action of GL(n, R) on P . Denote by H * the fundamental vector field associated to an element H ∈ gl(n, R) and B(ξ) the standard horizontal vector field associated to ξ ∈ R n . This vector field is determined by the relation θ(B(ξ)) = ξ. Recall that the connection 1-form A associated to Γ is a gl(n, R)-valued 1-form over P satisfying
where R a is the action of a ∈ GL(n, R) on P . Furthermore, the canonical 1-form θ is an R n -valued tensorial 1-form over P of type (GL(n, R), R n ). Also, we have
It is well known that the curvature 2-form Ω A ∈ Ω 2 (P, gl(n, R)) and the torsion 2-form Θ ∈ Ω 2 (P, R n ) associated to the connection 1-form A satisfy the Cartan's structure equations
for all X, Y ∈ T u P with u ∈ P . When Ω A = 0 and Θ = 0 we say that Γ is a flat affine connection.
It is easy to see that a connection Γ on P is flat affine, if and only if, the curvature and torsion tensors of the corresponding covariant derivative are both null. The pair (M, ∇) is called a flat affine manifold if ∇ is a flat affine connection on M. That (M, ∇) is a flat affine manifold is equivalent to the existence of a maximal atlas of M whose change of coordinates are restriction of affine transformations of R n . The set of affine transformation of R n , denoted by Aff(R n ), is a Lie group isomorphic to R n ⋊ Id GL(n, R). The Lie algebra of Aff(R n ) is the product vector space aff(R n ) = R n ⋊ id gl(n, R) with Lie bracket
In these terms, we have the following characterization of flat affine manifolds.
Theorem 2.1. A connection Γ on P is flat affine, if and only if
is an infinitesimal action of aff(R n ) over P .
Proof. Recall that the map gl(n, R) → X(P ) defined by H → H * , is a Lie algebra homomorphism. Hence
Therefore, the map η defines an infinitesimal action of aff(R n ) over P , if and only if, [B(ξ) 
If Γ is a flat affine connection, then [B(ξ) 
] is a horizontal) vector field (see [KN, p. 136] ). Thus, [B(ξ) , B(ξ ′ )] = 0 for all ξ, ξ ′ ∈ R n . Conversely, it is well known that if X is a vertical vector at u ∈ P there exists an element H ∈ gl(n, R) such that X = H * u . On the other hand, if Y is a horizontal vector at u ∈ P there exists ξ ∈ R n so that Y = B(ξ) u . Therefore, making use of the Cartan's structure equations for Γ, a simple computation allows us to show that considering the cases when: X and Y are vertical or horizontal or one is vertical and the another is horizontal, then the condition [B(ξ) , B(ξ ′ )] = 0 for all ξ, ξ ′ ∈ R n implies directly that Γ is a flat affine connection on P .
Remark 2.1. Under the assumptions of Theorem 2.1 it is easy to verify that the infinitesimal action η is effective.
Corollary 2.1.
g is flat if and only if the restriction of η to
Recall that linear connections on L (M) η are in bijective correspondence with covariant derivatives ∇ on (M, η) such that ∇η = 0.
Proposition 2.1. Let (M, g) be a compact and parallelizable flat Riemannian manifold. Then, the infinitesimal action η g :
Hence, as O(n, R) × M is a compact smooth manifold, if G is a simply connected Lie group with Lie algebra R n ⋊ id o(n, R), by the Lie-Palais' Theorem, there exists a unique smooth right action of G over L (M) g such that the fundamental vector field associated to (ξ,
As every Lie group is parallelizable, then circle S 1 and n-torus T n are examples of compact parallelizable flat Riemannian manifolds, hence both satisfy the Proposition 2.1.
Flat affine symplectic Lie groups
To determine flat affine Lie groups (i.e., Lie groups which carry a left invariant flat affine structure) is an open problem proposed by J. Milnor in [Mi] . From now on, our purpose is to study this problem in the case of connected symplectic Lie groups endowed with left invariant flat affine symplectic connections. In this section, we treat some properties of these kind of Lie groups which will be useful throughout the work. We give necessary and sufficient conditions to say when a left invariant flat affine symplectic connection is geodesically complete. We also remember, for the bi-invariant case, an old "conjecture" made by L. Auslander in [Aus] .
3.1. Flat affine symplectic manifolds. Let (M, ω) be a symplectic manifold of dimension 2n. A symplectic frame at p ∈ M is a symplectic ordered basis of (T p M, ω p ). Denote by L (M) ω the set of all symplectic frames at all points of M and by π the natural projection of L (M) ω onto M. From Darboux's Theorem, it is possible to determinate a differentiable structure over L (M) ω so that the map π is smooth and L(M) ω has a natural structure of Sp(n, R)-principal bundle. Consider the inclusion map ι : L (M) ω ֒→ P , the inclusion group homomorphism ϕ : Sp(n, R) ֒→ GL(2n, R), and the identity map Id M of M. It is simple to check that (ι, ϕ, Id M ) determines a homomorphism of principal bundles between L(M) ω and P . Thus, every connection Γ ω on L (M) ω determines a unique linear connection Γ on P (see [KN, p. 79] ). A connection Γ ω on P ω is called a linear symplectic connection. If we denote by (e 1 , · · · , e 2n ) the canonical symplectic basis of (R 2n , ω 0 ), and take u = (
as a symplectic frame at p ∈ M, the map u : (R 2n , ω 0 ) → (T p M, ω p ) defined by u(e j ) = X j and u(e j+n ) = X j for all j = 1, 2, · · · , n, is an isomorphism of symplectic vector spaces. We define the R 2n -valued 1-form θ ω on P ω by
If Γ ω is a connection on L(M) ω , the torsion 2-form Θ ω associated to the canonical 1-form θ ω is defined as the exterior covariant differential of θ ω with respect to Γ ω and it is also completely determined by the second Cartan's structure equation. When the curvature 2-form Ω Aω 1 and the torsion 2-form Θ ω are both null, we say that Γ ω is a flat affine symplectic connection. As a consequence of Theorem 2.1 we have
ω is flat affine if and only if the restriction of η to
Remark 3.1.
(1) There exists a bijective correspondence between linear symplectic connections Γ ω on L (M) ω and symplectic covariant derivatives on (M, ω). (2) Given a paracompact symplectic manifold (M, ω) , it is always possible to ensure that there exists a torsion free symplectic connection on M but unlike the Riemannian case it is not unique (see [V1] ). (3) The holonomy group of a symplectic connection on a connected symplectic manifold is identified with a subgroup of Sp(n, R) defined up to conjugation. Moreover, there is always a natural surjective group homomorphism between the fundamental group Π 1 (M) and Sp(n, R)/G where G is a normal Lie subgroup of Sp(n, R) defined up to conjugation. (4) If (M, ω) is a compact symplectic manifold endowed with a flat affine symplectic connection ∇, then the Euler characteristic of M vanishes. This follows from the fact that the volume form induced on M by ω is parallel with respect to ∇. This result is a particular case of Chern's conjecture for compact flat affine manifolds and it is a direct consequence of the case proved by B. Klingler when the compact flat affine manifold admits a parallel volume form (see [K] ). To have a flat affine symplectic structure on a 2n-dimensional manifold M is equivalent to having a maximal atlas of M whose change of coordinates are restriction of elements of R 2n ⋊ Id Sp(n, R) (see [Fr] ). Two interesting examples of flat affine symplectic manifolds are the 2-torus T 2 (see [Ku] or [KN, p. 211] ) and the ordinary cylinder S 1 × R (compare [KN, p. 223] ).
Flat affine symplectic Lie groups.
In what follows G denotes a connected real Lie group and g := T ǫ G its Lie algebra. A symplectic form ω + (respectively a linear connection
is a symplectomorphism of (G, ω + ) (respectively an affine transformation of (G, ∇)) for all σ ∈ G.
Definition 3.2.
(1) A pair (G, ω + ) where ω + is a left invariant symplectic form on G is called a symplectic Lie group.
(2) A pair (G, ∇) where ∇ is a left invariant flat affine connection on G is called a flat affine Lie group.
is a symplectic Lie group and ∇ is a left invariant flat affine connection on G which is symplectic with respect to ω + is called a flat affine symplectic Lie group.
If (G, ω
+ ) is a symplectic Lie group and ∇ is a left invariant symplectic connection on G,
+ denoted the left invariant vector field associated to x ∈ g.
Remark 3.2. Every symplectic Lie group (G, ω + ) is also flat affine. More precisely, the left invariant symplectic form ω + defines on G a unique natural left invariant flat affine connection ∇ determined by
This result was proved by A. Bon-Yau Chu in [B] . It is easy to show that ∇ is symplectic with respect to ω + if and only if G is commutative.
Next we give the following characterization of flat affine symplectic Lie groups usingétale affine representations 2 . Affirmation (1) if and only if (2) is well known (see for instance [MR2] and [NB] ).
Theorem 3.1. Let G be a connected Lie group of dimension 2n, g its Lie algebra, and G its universal covering Lie group. The following are equivalent (1) There exist both ω + and ∇ on G such that (G, ω + , ∇) is a flat affine symplectic Lie group. (2) There exist both a nondegenerate scalar 2-cocycle 3 ω ∈ 2 g * and a bilinear map · :
(
where
2n-dimensional symplectic vector space, such that the natural left action of G over V admits a point with open orbit and discrete isotropy.
2 Let V be an n-dimensional vector space. A Lie group homomorphism ρ : G → Aff(V ) is called anétale affine representation if the left action of G over V determined by ρ admits a point with open orbit and discrete isotropy.
3 ω ∈ 2 g * is a scalar 2-cocycle over
Proof. If (G, ω + , ∇) is a flat affine symplectic Lie group, it is easy to prove that ω := ω + ǫ is a nondegenerate scalar 2-cocycle of g and
, is a bilinear product over g which satisfies the three identities of item (2). Now suppose (2), hence the map θ : g → g ⋊ id sp(g, ω) defined by x → (x, L x ) is a well defined Lie algebra homomorphism. Passing to exponential, we get a Lie group homomorphism
Thus, as the map
is a linear isomorphism, we have that 0 ∈ g is a point with open orbit and discrete isotropy for the left action of G over g determined by ρ. Finally, suppose that ρ : G → V ⋊ Id Sp(V, ω) be a homomorphism of Lie groups such that the orbital map π :
Differentiating on the identity of G, we obtain a Lie algebra homomorphism
is a linear isomorphism (see [M] ). Moreover, the map f : g → sp(V, ω) defined by x → f x is also a Lie algebra homomorphism and
Now, define over g the skew-symmetric bilinear form ω and the bilinear map · :
It follows that the identity (4) implies that ω is a scalar 2-cocycle of g. Hence, it is easy to verify that the left invariant symplectic form 
It is easy to show that the identities (1) and (2) of item (2) in the previous theorem imply that
A bilinear map over a vector space satisfying the formula (5) is called a left symmetric product and the corresponding vector space is called a left symmetric algebra. To set up terminology we give the following definition. Definition 3.3. A triple (g, ω, ·) where g is a real finite dimensional Lie algebra, ω is a nondegenerate scalar 2-cocycle of g, and · : g × g → g is a left symmetric product over g whose commutator agrees with the Lie bracket of g and verifies
is called a flat affine symplectic Lie algebra.
Suppose that (G, ω + , ∇) is a flat affine symplectic Lie group. We can show a weaker claim than item (3) of Theorem 3.1 as follows. Let (g, ω, ·) be the flat affine symplectic Lie algebra associated to (G, ω + , ∇) and denoted by g * the dual vector space of g. If L * : g → gl(g * ) denotes the dual representation of L, then a direct computation allows to show that
Thus, the map θ :
, is a well defined Lie algebra homomorphism. Moreover, as ω is nondegenerate, the map ψ 0 : g → g * defined by x → ψ 0 (x) := ω(x, ·) is a linear isomorphism. Therefore, there exists a Lie group homomorphism ρ : G → Aff(g * ) such that 0 ∈ g * is a point with open orbit and discrete isotropy. Consequently, the orbital map π :
is a covering map.
The following two results are similar to those proved, in the case of pseudo-Riemannian Geometry, by A. Aubert and A. Medina in [AuM] . Next we give sufficient and necessary conditions to say when a left invariant flat affine symplectic connection is geodesically complete.
Theorem 3.2. Assume that (G, ω + , ∇) is a connected flat affine symplectic Lie group. The connection ∇ is geodesically complete if and only if, G is unimodular.
Proof. It is well know that a left invariant flat affine connection ∇ is geodesically complete if and only if tr(R x ) = 0 for all x ∈ g, where R x : g → g is the linear map defined by R x (y) = (∇ y + x + )(ǫ) for all x, y ∈ g (see [H] ). Let (g, ω, ·) be the flat affine symplectic Lie algebra associated to (G, ω
This implies that L x ∈ sp(g, ω) for all x ∈ g. Hence, the adjoint map of L x with respect to ω, which we denote by L
On the other hand, if g * denotes the dual vector space of g and t L x : g * → g * is the transpose map associated to L x , then the identity (6) implies that the linear isomorphism ω
Therefore, we have that
and hence tr(L x ) = 0 for all x ∈ g.
Suppose that ∇ is geodesically complete, then tr(R x ) = 0 for all x ∈ g. As ad
that is, G is an unimodular Lie group.
Conversely, if G is an unimodular Lie group, the identities ad x = L x − R x and tr(L x ) = 0 imply that tr(R x ) = tr(L x ) − tr(ad x ) = 0 for all x ∈ g. Therefore, ∇ geodesically complete.
is a connected flat affine symplectic Lie group and ∇ is geodesically complete, then G is solvable.
Proof. Every unimodular Lie group admitting a left invariant symplectic form is solvable (see for instance [B] ). 
, is injective. Thus, we can identify the Lie group G with the subgroup ρ( G) of g ⋊ id Sp(g, ω + ǫ ). Let G be a simply connected Lie group. Having a left invariant flat affine connection ∇ on G is equivalent to have anétale affine representation ρ : G → Aff(V ) (see [Ko] ). If v ∈ V is a point with open orbit and discrete isotropy, the completeness of ∇ is equivalent to have that such an action being simply transitive or equivalently that Orb(v) = V and the orbital map π : G → Orb(v) is a global diffeomorphism (see [FGH] or [M] for more details). L. Auslander conjectured in [Aus] that a simply transitive action contains nonzero translations if G is nilpotent, that is, the restriction to ρ(G) ⊂ Aff(V ) of the natural homomorphism λ : Aff(V ) → GL(V ), is not injective. J. Scheuneman gave a presumed proof of this conjecture in [Sc] but D. Fried observed in [F] that his proof had an error and exhibited a counterexample showing that the Auslander's conjecture is not true in general. Later A. Medina and Yu. Khakimdjanov in [MK] exhibited more general examples, more precisely on flat affine filiform Lie groups, for which Auslander's conjecture is true in odd dimension and false in even dimension.
With the aim to give a result related to this story, we consider bi-invariant flat affine symplectic connections. A linear connection ∇ on G in called bi-invariant if L σ : G → G and R σ : G → G (defined by τ → τ σ) are affine transformations of (G, ∇) for all σ ∈ G. It is well known that a Lie group admits a bi-invariant flat affine connection, if and only if, the Lie bracket of g is underlying of an associative product on g (see for instance [M] ).
Proposition 3.2. Let (G, ω + ) be a simply connected symplectic Lie group. Assume that there is a bi-invariant flat affine symplectic connection on G. Then G is a nilpotent Lie group and it can be identified with a subgroup of g ⋊ Id Sp(g, ω + ǫ ) containing a nontrivial one parameter subgroup formed by central translations.
Proof. Let ∇ be a bi-invariant flat affine symplectic connection on (G, ω + ). Then, the bilinear map · : g×g → g defined by x·y = L x (y) = (∇ x + y + )(ǫ) for all x, y ∈ g, determines an associative product over g satisfying (2) and (6). As · is associative, we have that
Note that if g is a non-nilpotent associative algebra, there is a nonzero element a ∈ g which is idempotent, that is, a · a = a with a = 0 (see for instance [A, p. 23] 
which is a contradiction. Therefore, (g, ·) is an associative nilpotent algebra. Consequently, there is an integer m ≥ 2 such that
with g m−1 = {0}. This implies that there exists b = 0 such that L b = R b = 0 where R b (x) = x·b. As G is simply connected, by Theorem 3.1 we have that there is a Lie group homomorphism ρ between G and the Lie group g ⋊ Id Sp(g, ω
for all x ∈ g. As ρ is an injective homomorphism, we can identify G with the subgroup ρ(G) of g⋊ Id Sp(g, ω + ǫ ). Therefore, as L b = 0, ρ determines a nontrivial central one parameter subgroup H of ρ(G) formed by translations which is induced by t → exp G (tb) and given by
Hence, as g is a nilpotent algebra, the existence of such a subgroup H implies that g is a nilpotent Lie algebra, and therefore, G is a nilpotent Lie group (see [H] ).
A double extension of a flat affine symplectic Lie algebra
By the previous section it is known that there exists a bijective correspondence between simply connected flat affine symplectic Lie groups and flat affine symplectic Lie algebras. The main objective of this section is give a method of construction of flat affine symplectic Lie algebras using Nijenhuis' cohomology for left symmetric algebras (see [N] ). This is an iterative method which allows us to get flat affine symplectic Lie algebras of dimension 2n + 2 from a flat affine symplectic Lie algebra of dimension 2n. We will call to this construction a double extension of a flat affine symplectic Lie algebra. We prove that it is possible to obtain all those flat affine symplectic Lie groups with bi-invariant symplectic connection by means of a double extension starting from {0}. Moreover, we get all flat affine symplectic Lie groups of dimension 2 which were found in [A] and give nontrivial examples in every even dimension.
Let g be a left symmetric algebra and V a vector space of finite dimension over K = R or C. We say that V has a structure of g-bimodule if there are two bilinear maps · : g × V → V and :
If
Using formulas (7) and (8) it is easy to show that δ p • δ p−1 = 0 (see [N] ). As is usual, the spaces of k-cocycles (respectively k-coboundaries) of the left symmetric algebra g with values in V is defined by
. Therefore, the k-th space of cohomology of the left symmetric algebra g with values in V is defined by the quotient space
the k-th space of scalar cohomology of the left symmetric algebra g.
If (g, ω, ·) is a flat affine symplectic Lie algebra and we denote by L x (y) = x · y = xy for all x, y ∈ g, then the map L : g → sp(g, ω), defined by x → L x , is a well defined linear representation of g by g. That is, the map L is a Lie algebra homomorphism satisfying
We will denote by H 1 L (g, g) the first space of cohomology of the Lie algebra g with values in g with respect to the representation L.
Lemma 4.1. Let (g, ω, ·) be a flat affine symplectic Lie algebra. Then the formula
, where K is seen as a trivial g-bimodule and g has a structure of g-module determined by the linear representation L.
Proof. It is enough to show that if f is a scalar 2-cocycle (respectively scalar 2-coboundary) of left symmetric Lie algebra g if and only if, u is a 1-cocycle (respectively 1-coboundary) of Lie algebra g.
As ω is nondegenerate, we get that
, the previous argument also shows that f ∈ Z 2 SG (g, K). On the other hand, if
, there exists a linear map ϕ : g → K such that f (x, y) = ϕ(xy). As ω is nondegenerate, there is a unique x 0 ∈ g such that ϕ = ω(x 0 , ·). Thus
is a flat affine symplectic Lie algebra, by the Lemma 4.1, it is easy to show that the map θ :
is a well defined linear homomorphism. Here u * : g → g denotes the adjoint map associated to u with respect to ω and ad * : g → gl(g * ) the coadjoint representation of g.
The following Lemma is similar to a result proved, in the case of pseudo-Riemannian Geometry, by A. Aubert and A. Medina in [AuM] .
Lemma 4.2. Suppose that (g, ω, ·) is a flat affine symplectic Lie algebra. Let I be a bilateral ideal of (g, ·) of dimension 1. Then
(1) The product · in I is null, I · I ⊥ω = 0, and I ⊥ω is a left ideal. (2) I ⊥ω is a right ideal if and only if,
⊥ω is a bilateral ideal of (g, ·), then the canonical sequences
are sequences of left symmetric algebras. Moreover, the quotient Lie algebra B = I ⊥ω /I admits a canonical structure of flat affine symplectic algebra, and (11), (13) are split exact sequences of Lie algebras.
Proof.
(1) For x ∈ I, y ∈ I ⊥ω and z ∈ g, the identity (9) and the fact that I is 1-dimensional (hence I ⊂ I ⊥ω ) imply that ω(x · y, z) = −ω(y, x · z) = 0.
Thus I · I ⊥ω = 0. In particular, I · I = 0 and as
we have that g · I ⊥ω ⊂ I ⊥ω . (2) For x ∈ I, y ∈ I ⊥ω and z ∈ g, we get
this is, I ⊥ω · g ⊂ I ⊥ω if and only if I ⊥ω · I = 0.
(3) Suppose that I ⊥ω is a bilateral ideal of (g, ·). In this case, the quotient vector space B = I ⊥ω /I has a structure of Lie algebra given by
As ω is a nondegenerate scalar 2-cocycle, it induces on I ⊥ω a bilinear form of radical I. Hence, we have that ω| I ⊥ω ×I ⊥ω defines, passing to the quotient, a nondegenerate and skew-symmetric bilinear form ω ′ over B = I ⊥ω /I which is also a scalar 2-cocycle of Lie algebra B. This symplectic form is given by ω ′ (x + I, y + I) = ω(x, y) for all x, y ∈ I ⊥ω . If we denote the class of x ∈ I ⊥ω module I by x = x+I, then the left symmetric product
for all x, y, z ∈ I ⊥ω . Therefore, (B, ω ′ , ·) is a flat affine symplectic Lie algebra. Finally, as g/I ⊥ω has dimension 1, we have that (11) and (13) are split exact sequences of Lie algebras.
The Lie algebra B of Lemma 4.2 will be called flat affine symplectic Lie algebra deduced from I ⊥ω by means of I. Let (g, ω, ·) be a flat affine symplectic Lie algebra. In what follows we assume that I is a bilateral ideal of (g, ·) of dimension 1 and I ⊥ω is also a bilateral ideal of (g, ·). If we put I = Ke, let Kd a 1-dimensional subspace of g such that ω(e, d) = 1. We denote by B = (Vect K {e, d}) ⊥ω . Then g is identified with the vector space Ke ⊕ B ⊕ Kd and I ⊥ω with Ke ⊕ B. The product on I ⊥ω can be written as (λe + x)(µe + y) = f (x, y)e + x ⊙ y, x, y ∈ B, λ, µ ∈ K, where x ⊙ y is the component of x · y over B. A direct calculation allows us to verify that the product in I ⊥ω is left symmetric if and only if the bilinear map ⊙ : B × B → B is a left symmetric product on B and f is a scalar 2-cocycle for the left symmetric algebra (B, ⊙) . On the other hand, it is easy to see that the canonical linear map θ : B → B = I ⊥ω /I defined by x → x = (x + I), is an isomorphism of left symmetric algebras (consider λ = µ = 0 in the previous equation). Therefore, we can identify g with the vector space Ke ⊕ B ⊕ Kd and I ⊥ω with Ke ⊕ B. Denote the left symmetric product of B by L x (y) = xy for all x, y ∈ B.
According with the cohomology of left symmetric algebras due to A. Nijenhuis, the sequence (10) is described by the cohomology class of a scalar 2-cocycle f ∈ Z 2 SG (B, K) of the left symmetric algebra B (see [N] ). Thus, by Lemma 4.1, this sequence is described by the cohomology class of a 1-cocycle u ∈ Z 1 L (B, B) of Lie algebra B with values in B with respect to the linear representation L : B → sp(B, ω ′ ) satisfying f (x, y) = ω ′ (u(x), y) for all x, y ∈ B. Thus, the product on I ⊥ω can be written as (λe + x)(µe + y) = f (x, y)e + xy = ω ′ (u(x), y)e + xy, x, y ∈ B, λ, µ ∈ K.
As I = Ke and I ⊥ω = Ke ⊕ B are both bilateral ideals of (g, ·), then they are also Lie algebra ideals of g. Therefore, the Lie bracket of g is expressed as follows
where x, y ∈ B, µ ∈ K, D ∈ gl (B) , and α ∈ B * . The product on g = Ke ⊕ B ⊕ Kd satisfies the identity (9) with ω(e, d) = 1 and Vect K {e, d} ⊥ ω B, if and only if B) . The commutator of the product (14) agrees with the Lie algebra structure of g if and only if, γ = λ−µ, ϕ = ω ′ (x 0 , ·)−α and p = D +u. As ω ′ is nondegenerate, there is a unique element z 0 ∈ B such that α = ω ′ (z 0 , ·). Therefore, the Lie bracket of g is given by
and the product (14) by
On the other hand, the product (16) is left symmetric if and only if for all x, y ∈ B we have that
. This equality holds if and only if 
where D * : g → g and u * : g → g denote the adjoint maps with respect to ω ′ associated to D and u, respectively.
. This equality is satisfied if and only if
As ω ′ is nondegenerate, it is clear that (20) holds if and only if [u, D] 
This identity is true if and only if
were xy = L x (y) for all x, y ∈ B and R * x : g → g is the adjoint map with respect to ω ′ associated to the linear map R x : g → g given by y → R x (y) = yx. Consider the bilinear form ω u,p : B × B → R defined by
If we take ϕ = ω ′ (x 0 , ·), it is easy to see that the formula (20) means that ω u,p is a scalar 2-coboundary for the left symmetric algebra B. On the other hand, the formula (21) tells us that the bilinear map β u,x 0 : B × B → B defined by β u,x 0 (x, y) = u(xy) − xu(y) for all x, y ∈ g, is the differential of D in the Nijenhuis' cohomology of left symmetric algebra B with values in the canonical B-bimodule B (see [N] ). Moreover, using again the formula (21) and the fact that u ∈ Z 1 L (B, B) we have D : B → B is a Lie algebra derivation. Indeed,
In summary, we have the following results.
Proposition 4.1. Let (g, ω, ·) be a flat affine symplectic Lie algebra. Assume that I is a bilateral ideal of (g, ·) of dimension 1 and I ⊥ω is also a bilateral ideal of (g, ·). If B = I ⊥ω /I denotes the flat affine symplectic Lie algebra deduced from I ⊥ω by means of I, then the left symmetric product of g is given by (16) where λ, µ, β ∈ K, 21) , and the identity (22).
Reciprocally, we obtain a method to construct flat affine symplectic Lie algebras. (B, K) and there exists z 0 ∈ B such that the equalities (19) and (22) are satisfied, then the vector space g = Ke ⊕ B ⊕ Kd endowed with the left symmetric product (16) and the symplectic form ω which extends ω ′ and verifies that Vect K {e, d} is a hyperbolic plane orthogonal to B, is a flat affine symplectic Lie algebra.
To set up terminology we give the following definition. Recall that by (17) we have that the parameters λ and µ in the double extension of a flat affine symplectic Lie algebra are related to each other as λ = µ or λ = µ 2 . In the case that λ = µ, we get the following special consequence of Theorem 4.1.
is a simply connected flat affine symplectic Lie group whose Lie algebra is obtained as a double extension of a flat affine symplectic Lie algebra according with (u, D, x 0 , z 0 , λ, β, λ = µ), then G is identified with a subgroup of g ⋊ id Sp(g, ω + ǫ ) containing a nontrivial one parameter subgroup formed by central translations.
Proof. Let (g, ω, ·) be the flat affine symplectic Lie algebra associated to (G, ω + , ∇). If g is obtained as a double extension of a flat affine symplectic Lie algebra according with the parameters (u, D, x 0 , z 0 , λ, β, λ, µ) where λ = µ, then it decomposes as g = Ke ⊕ B ⊕ Kd and ω ′ = ω| B with B ⊥ ω Vect K {e, d} and ω(e, d) = 1. Therefore, the left symmetric product deduced from ∇ is given by
It is clear that Ker(L) = {0} since L e = 0. As G is simply connected, using Theorem 3.1 like in Proposition 3.2 it follows that ρ determines a nontrivial one parameter subgroup H of ρ(G) ≈ G formed by central translations which is induced by t → exp G (te) and given by
As a consequence of the proof of Proposition 3.2, we have that every flat affine symplectic Lie algebra (g, ω, ·) such that · : g × g → g is an associative product on g is obtained as a double extension of flat affine symplectic Lie algebras from {0}. Indeed, Proposition 4.2. Let (G, ω + , ∇) be a flat affine symplectic Lie group such that ∇ is biinvariant. Then the Lie algebra of G is obtained as a double extension of flat affine symplectic Lie algebras from {0}.
Proof. If (g, ω, ·) is the flat affine symplectic algebra associated to (G, ω
is an associative product on g since ∇ is bi-invariant. Under this assumptions, we know that g is a nilpotent algebra and there exists an element e = 0 in g such that L e = R e = 0 (see proof of Proposition 3.2). As consequence e ∈ z(g) (center of g) since [e, x] = L e (x) − R e (x) = 0 for all x ∈ g. We define by I = Re. It is clear that I is a bilateral ideal of (g, ·) since e · x = x · e = 0. On the other hand, we have that I ⊥ω is also a bilateral ideal of (g, ·). Indeed, for all y ∈ I ⊥ω and x ∈ g ω(x · y, e) = −ω(y, x · e) = −ω(y, 0) = 0 and ω(y · x, e) = −ω(x, y · e) = −ω(x, 0) = 0. Therefore, the Lie algebra g is obtained as a double extension from (B, ω ′ , ·) where B = I ⊥ω /I. On g = Ke⊕B⊕Kd, the product · is given by the formulas (16) and we find that the associativity of this product implies the associativity of the product · on B. Hence, g is obtained by a series of double extensions of flat affine symplectic Lie algebras from {0}.
By means of the double extension of flat affine symplectic Lie algebras we obtain every flat affine symplectic Lie algebras in dimension two found by A. Andrada in [An] (see also [MSG] ). (1) When µ = 0, we have that g is isomorphic to R 2 . Also, as µ = 0 by (17) we get that λ = 0. Moreover, taking β = 0 or β = 0
determined the only two non-isomorphic left invariant flat affine symplectic connections over R 2 . When β = 0 all these connections are isomorphic. Moreover, these connections induce on the 2-Torus T 2 structures of flat affine symplectic Lie group. E. Remm and M. Goze found in [RM] all the structures of flat affine Lie group on the abelian Lie group R 2 and they showed that the only ones of such structures that induce left invariant flat affine structures on T 2 are precisely the structures determined by the above left symmetric products.
(2) On the other hand, when µ = 0 we have that g is isomorphic to aff(R). By (17) we know that λ = µ or λ = µ 2 . So we get
Each of these families determine a unique connection up to isomorphism.
4.1. Nontrivial examples in every even dimension. We will explain how to obtain nontrivial flat affine symplectic Lie groups of dimension 2n from ((R 2n−2 , +), ω 0 , ∇ 0 ) where ω 0 is the usual symplectic form and ∇ 0 is the usual linear connection on R 2n−2 . Recall that ∇ 0 is a left invariant flat affine connection which is symplectic with respect to ω 0 . The abelian flat affine symplectic Lie algebra associated to (
Suppose that u = 0, x 0 = z 0 , and D ∈ sp(R 2n−2 , ω 0 ). The double extension of flat affine symplectic Lie algebras under these conditions is g = Re ⊕ R 2n−2 ⊕ Rd ≈ R 2n with nonzero Lie brackets [d, e] = µe and [d, x] = ω 0 (x 0 , x)e + D(x) for all x ∈ R 2n−2 . It is easy to see that g is isomorphic as Lie algebra to the Lie algebra Rd ⋉ θ (Re × R 2n−2 ) where θ : Rd → gl(Re × R 2n−2 ) is the Lie algebra homomorphism defined by θ(d)(e) = µe and θ(d)(x) = ω 0 (x 0 , x)e + D(x). Therefore, the simply connected Lie group G with Lie algebra g is given by G = R⋉ ρ (R×R 2n−2 ) where ρ is the Lie group homomorphism
where [ω ♭ (x 0 )] γ and [D] γ denote the matrix representation of the linear maps ω 0 (x 0 , ·) : R 2n−2 → R and D : R 2n−2 → R 2n−2 , respectively, with respect to a fixed ordered basis γ of R 2n−2 . Let ω + be the left invariant symplectic form on G determined by ω, where ω is the symplectic structure on g with ω| V = ω 0 , Vect K {e, d} ⊥ ω V , and ω(e, d) = 1. Hence, for λ = µ or λ = µ 2 , and (λ − µ)x + 0 = 0, we have that
is a left invariant flat affine symplectic connection on (R ⋉ ρ (R × R 2n−2 ), ω + ).
Remark 4.1. If µ = λ, then x 0 can take an arbitrary value. Moreover, if µ = 0 then e ∈ z(g). On the other hand, if λ = µ 2 = 0, one necessarily gets that x 0 = 0. The choice of D ∈ sp(R 2n−2 , ω 0 ) is always arbitrary. Therefore, these statements allows us to conclude that the above construction produces different nontrivial flat affine symplectic structures on (R ⋉ ρ (R × R 2n−2 ), ω + ). Everyone can convince itself by starting the construction with the canonical abelian flat affine symplectic Lie group (R 2 , ω 0 , ∇ 0 ) where sp(R 2 , ω 0 ) = sl(2, R).
Twisted cotangent symplectic Lie group
Our main purpose in this section is to give a method of construction of left invariant flat affine symplectic connections on the "twisted" cotangent symplectic Lie group of a connected flat affine Lie group. We will do it using again Nijenhuis' cohomology for left symmetric algebras. As a first step, we introduce the construction of the classical symplectic cotangent Lie group of a connected flat affine Lie group due to A. Medina and Ph. Revoy (see [MR1] ). Let (G, ∇) be a connected flat affine Lie group, g its Lie algebra, G its universal covering Lie group, and g * the dual space of g. We denote by L : g → gl(g) the Lie algebra homomorphism induced by ∇ through the formula x · y = L x (y) = (∇ x + y + )(ǫ) for all x, y ∈ g. The dual representation associated to L is the Lie algebra homomorphism
Passing to exponential, we get a Lie group
k . Therefore, the product manifold T * G := G × g * has a Lie group structure given by
this is, the semidirect product of G with the abelian Lie group g * by means of Φ. The Lie group T * G = G ⋉ Φ g * is called classical symplectic cotangent Lie group associated to the connected flat affine Lie group (G, ∇). The word "symplectic" in the name of T * G is motivated by the following result (see [MR1] ).
Proposition 5.1 (Medina-Revoy). The Lie algebra of T * G = G ⋉ Φ g * is the product vector space g ⊕ g * with Lie bracket
Furthermore, g ⋉ L g * is a symplectic Lie algebra with the nondegenerate scalar 2-cocycle ω defined by
Let ω + be the left invariant symplectic form on T * G induced by ω. As a first result we get the left invariant flat affine connection on T * G determined by ω + .
Proposition 5.2. The left invariant flat affine connection ∇ on T * G determined by ω + is
where R y : g → g is the linear map defined by x → R y (x) = xy = (∇ x + y + )(ǫ).
Proof. We denote L x (y) = R y (x) = xy = (∇ x + y + )(ǫ) for all x, y ∈ g. A. Medina and Ph. Revoy observed in [MR1] that the dual vector space g * has a structure of g-bimodule given by the bilinear maps · : g × g * → g * and : g * × g → g * which are defined by (x, β) → x · β = ad * x (β) and (α, y) → α y = α • R y , respectively. Therefore, the product vector space g × g * is a left symmetric algebra with product given by
For the last claim see [N] . As ad x = L x − R x for all x ∈ g, the commutator of left symmetric product given in (25) is
On the other hand, ω((x + α) ⊙ (y + β), z + γ) = ω(xy + ad for all α, β, γ ∈ g * and x, y, z ∈ g. Therefore, the left invariant flat affine connection induced by the ω + on T * G is
Recall that a foliation F of a symplectic manifold (M, ω) is called Lagrangian if its leaves are Lagrangian submanifolds of (M, ω) . On the other hand, two foliations F 1 and F 2 of M are called transversal if T M = T F 1 ⊕ F 2 where T F j denotes the tangent distribution associated to T F j . If (M, ω) is a symplectic manifold and F 1 , F 2 are Lagrangian transversal foliations of M, we say that (M, ω, F 1 , F 2 ) is a bi-Lagrangian manifold. The following important theorem is due to H. Hess in [Hs] .
Theorem 5.1 (Hess) . If (M, ω, F 1 , F 2 ) is a bi-Lagrangian manifold, there exists a unique torsion free symplectic linear connection ∇ on M that parallelizes both foliations
4
. This linear connection satisfies the relation
where ∇ ♭ is the only symplectic linear connection determined by the identity
The torsion free symplectic linear connection given in the previous theorem is called the Hess connection or the canonical connection associated to a bi-Lagrangian manifold. We will denote this linear connection by ∇ H .
Remark 5.1. If (G, ω + ) is a 2n-dimensional symplectic Lie group and there exist two Lagrangian Lie subalgebras g 1 and g 2 of (g, ω + ǫ ) such that g = g 1 ⊕ g 2 , it is easy to show that there exists a symplectic basis (e 1 , · · · , e n , e 1 , · · · , e n ) of (g, ω + ǫ ) such that g 1 = Vect R (e 1 , · · · , e n ) and g 2 = Vect R ( e 1 , · · · , e n ). Moreover, from Frobenius' Theorem we have that there exist two left invariant transversal Lagrangian foliations G 1 and G 2 of (G, ω + ) such that T G 1 is generated by (e + 1 , · · · , e + n ) and T G 2 by ( e 1 + , · · · , e n + ). A direct computation allows us to prove that the Hess connection on G associated to the bi-Lagrangian Lie group (G, ω
For our case, it is easy to see that g and g * are contained in (g ⊕ g * , ω) as Lagrangian Lie subalgebras. If G 1 and G 2 are the left invariant transversal Lagrangian foliations of (T * G, ω + ) determined by g and g * , respectively, then Proposition 5.3. There exists a unique left invariant flat affine symplectic connection ∇ H on (T * G, ω + ) that parallelizes both foliations G 1 and G 2 . The connection ∇ H is given by
Proof. It is clear that if (e 1 , · · · , e n ) is a basis for g and (e * 1 , · · · , e * n ) is its dual basis, then (e 1 , · · · , e n , e * 1 , · · · , e * n ) is a symplectic basis for (g⊕g
* is an abelian Lie algebra, then e * i = (e * i ) + and recall that e i = (e 
(e * i )) = 0. Therefore, extending bilinearly, we have that the Hess connection ∇ H is given by
Finally, as ∇ is a left invariant flat affine connection on G and L * : g → gl(g * ) is a linear representation, it follows that (x + α)(y + β) = xy + L * x (β) is a left invariant product over g ⊕ g * and hence ∇ H is also flat.
Inspired in the construction due to A. Aubert and A. Medina on the twisted cotangent Lie group of a connected flat affine Lie group (in the case of pseudo-Riemannian Geometry, see [AuM] ), we get a more general construction than Proposition 5.3. Let (G, ∇, ω + ) be a connected flat affine symplectic Lie group and (g, ω, ·) its flat affine symplectic Lie algebra. Assume that there exists a Lagrangian bilateral ideal I of (g, ω, ·). By the formula (9), we have that
As ω is nondegenerate, we get that L a (b) = 0 for all a, b ∈ I, this is, I is a left symmetric algebra with null product. Therefore
is an exact sequence of left symmetric algebras where I has null product. If s is a linear section of π, the vector space g can be identified with I ⊕ s (B) . In this case, the left symmetric product of g can be written as
for all x, y ∈ I and a, b ∈ B, where f (s(a), s(b)) and s(a) * s(b) denote the components of product s(a)s(b) over I and s (B) , respectively. A direct calculation shows that (27) is a left symmetric product if and only if * is a left symmetric product over S(B), the Lagrangian bilateral ideal I has a structure of s(B)-bimodule, and f : s(B) × s(B) → I is a 2-cocycle of the left symmetric algebra s (B) with values in I. Moreover, the linear isomorphism π| s (B) : s(B) → B defined by s(a) → π(s(a)) = a, is also an isomorphism of left symmetric algebras. This follows from (27), since this formula gives
In what follows we identify the left symmetric algebras s(B) with B. Therefore, the left symmetric product in g is defined by a structure of B-bimodulo I and a 2-cocycle of left symmetric algebras f : B × B −→ I. As ω is nondegenerate, the bilateral ideal I is a Lagrangian in (g, ω), and g = I ⊕ B, we have that the ideal I can be identified with B * by means of the linear isomorphism ϕ : I → B * defined by x → ω(x, ·). Now, we determine the structure of B-bimodule on I = B * as follows. If b, b ′ ∈ B and β ∈ B * , as I is Lagrangian we get that
. Thus, the left action of B over B * is given by the dual representation L * associated to the linear representation
The fact that L * be a Lie algebra homomorphism is equivalent to say that the bilinear map · :
, satisfies the identity (7). On the other hand, the map Φ a,b : B * → K defined by β → ω(β a, b), allows us to define a product • over B by means of the formula
As ω is nondegenerate and I is Lagrangian, we have that both bilinear maps :
(defined by (β, b) → β b) and · : B × B * → B * satisfy the identity (8) if and only if
that is, the left symmetric product B and the product • must satisfy the relation
Now, we claim that the following map
, is a Lie algebra homomorphism. To prove this, notice that by the identity (28), we have that β a = t L ′ a (β) for all a ∈ B and β ∈ B * . Therefore, the structure of B-
Hence, the left symmetric product over g given in the formula (27) is expressed as
The bracket over g given by the commutator of product (31) is as follows
As f : B ×B → I is a 2-cocycle of left symmetric algebra B with values in I, it is easy to check that f is a 2-cocycle of the underlying Lie algebra B −5 with values in I. That the previous bracket is a Lie bracket is equivalent to having that θ :
, is a Lie algebra homomorphism. As
the dual representation associated to θ is given by
Therefore, L ′ is also a linear representation of B by B, since this is the difference between the linear representations θ * and L.
Finally, as I is Lagrangian, the left symmetric product on g given in the formula (31) is symplectic with respect to ω if and only if
for all a, b, c ∈ B and α, β, γ ∈ B * . This is equivalent to having 
for all a, b, c ∈ B and α ∈ B * . Therefore, the left symmetric product (31) is symplectic with respect to ω if and only if the product • is commutative and f is a 2-cocycle of the left symmetric algebra B with values in I verifying the formula (32).
The previous construction shows a short and different way of obtaining the next result whose reciprocal was proved by X. Ni and C. Bai in [NB] . the left symmetric algebra g is the extension of B by B * according with the 2-cocycle of left symmetric algebra f ∈ Z 2 SG (B, B * ) which satisfies (32). Reciprocally, let (B, ·) be a left symmetric algebra endowed with a commutative product • that satisfies the formula (29). Then B * has a structure of B-bimodule of left symmetric algebra given by (30). Moreover, if f ∈ Z 2 SG (B, B * ) is a 2-cocycle of left symmetric algebra that satisfies (32), then the vector space g = B * ⊕ B endowed with the left symmetric product (31) and the symplectic structure given by ω(α + a, β + b) = α(b) − β(a) a, b ∈ B, α, β ∈ B * , is a flat affine symplectic Lie algebra.
To set up terminology we give the following definition. This is precisely the Hess connection of Proposition 5.3, that is, ∇ = ∇ H .
Remark 5.2. Suppose that (G, ∇) is a simply connected flat affine Lie group. In this case the product manifolds T * G = G × g * is a vector bundle which is isomorphic to the cotangent bundle T * G of G. When f = 0 and the product • over g is null, T * G is the classic cotangent Lie group of (G, ∇). Otherwise, when f and • are not both null, the simply connected Lie group H with Lie algebra isomorphic to the vector space g ⊕ g * with Lie bracket determined by the commutator of product (31) where θ = L * − t L ′ andf : g × g → g * is defined byf (x, y) = f (x, y) − f (y, x) for all x, y ∈ g, will be called the twisted cotangent symplectic Lie group of (G, ∇) according with the commutative product • and f ∈ Z 2 SG (g, g * ). By Proposition 5.4 and Theorem 3.1 we have that H has a structure of flat affine symplectic Lie group induced by ω and the left symmetric product (31).
As an immediate consequence of Proposition 5.4 we obtain Theorem 5.2. Let G be a simply connected Lie group. Then there exists a structure of flat affine symplectic Lie group on G that admits a normal abelian Lagrangian Lie subgroup if and only if, G is isomorphic to the twisted cotangent symplectic Lie group of a connected flat affine Lie group.
Let (G, ∇) be a connected flat affine Lie group and H the twisted cotangent symplectic Lie group of (G, ∇) according with a commutative product • and a 2-cocycle f ∈ Z 2 SG (g, g * ) where ab = (∇ a + b + )(ǫ) for all a, b ∈ g. To end the section, we study the completeness of the left invariant flat affine symplectic connection on (H, ω + ) induced by the left symmetric product (31). Here ω + denotes the left invariant symplectic form on H determined by ω. Helmstetter showed in [H] that a left invariant flat affine connection ∇ on G is geodesically complete if and only if the "right multiplication" R a : g → g defined by R a (b) = (∇ b + a + )(ǫ), is nilpotent for all a ∈ g. Therefore, it is enough to see under what conditions the right product R a+α is nilpotent for all a ∈ g and β ∈ g * . The right multiplications on g × g * induced by (31) are given by 
Thus, we have the following result.
Proposition 5.5. Let (G, ∇) be a connected flat affine Lie group. The right product R a+α associated to the left symmetric product on g × g * given by (31) according with the commutative product • and the 2-cocycle f ∈ Z 2 SG (g, g * ) is nilpotent for all a ∈ g and α ∈ g * if and only if the linear maps R a and L ′ a are nilpotent for all a ∈ g. In particular, the Hess connection ∇ H given in Proposition 5.3 is geodesically complete if and only if ∇ is geodesically complete.
